




















evolution of chiral-odd nucleon parton
distributions h
L










Center for Theoretical Physics, MIT, Cambridge, MA 02139, U.S.A
2
NORDITA, Blegdamsvej 17, DK-2100 Copenhagen, Denmark
3
Dept. of Physics, Niigata University, Niigata 950{21, Japan
4
Dept. of Physics, Juntendo University, Inba-gun, Chiba 270-16, Japan
Abstract
We prove that the twist-3 chiral-odd parton distributions obey simple GLAP evolution
equations in the limit N
c
! 1 and give analytic results for the corresponding anomalous
dimensions. To this end we introduce an evolution equation for the corresponding three-
particle twist-3 parton correlation functions and nd an exact analytic solution. For large
values of n (operator dimension) we are further able to collect all corrections subleading in
N
c
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The increasing precision of experimental data from LEP, HERA and the TEVATRON
requires understanding of corrections suppressed by powers of the large momentum, which
are attributed to higher twist eects induced by correlations of partons in the colliding (pro-
duced) hadrons. The twist-3 parton distributions play a distinguished role in spin physics,
where they can be measured as leading eects responsible for certain asymmetries. In par-
ticular, the E143 collaboration has reported the measurement of the twist-3 contribution of




) [1], thus providing with the rst experimental test





expected to be measurable in the Drell-Yan production [2].
The Q
2
evolution of twist-3 distributions is usually believed to be quite sophisticated due
to mixing with quark-antiquark-gluon operators, the number of which increases with spin





), a crucial simplication observed by Ali-Braun-Hiller [4] is that the
operators involving gluons eectively decouple from the evolution equation in the large N
c
limit, that is neglecting O(1=N
2
c




) obeys a simple GLAP
evolution equation and the corresponding anomalous dimension is known in analytic form
[4]. The statement holds true with full account for eects subleading in N
c
but for large
moments n. Thus the claimed accuracy is in fact O(1=N
2
c
 ln(n)=n). The ABH evolution
equation allows to predict the behavior of the structure function in the limits x ! 0 and
x ! 1 which is important for experimental extrapolations, and is used [3] to rescale the
model predictions to high values of Q
2
of the actual experiments.
In this letter we demonstrate that the pattern observed by ABH is general, and is obeyed






) [2] as well, albeit with dierent
anomalous dimensions. For all practical purposes this solves the problem of the Q
2
evolution





Following [8,2] we dene the parton distributions in question as nucleon matrix elements





















































Here z is a light-like vector z
2























. A thorough discussion of the parton interpretation and of physical relevance of
these distributions can be found in Ref. [2].
As it is well known, equations of motion allow to express the twist-3 quark-antiquark
distributions in terms of quark-gluon correlations. This is visualized most explicitly in form
of the operator identities (see Eqs.(27),(28) in [9])
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 (z) ( z) =







































where we have introduced shorthand notations for the nonlocal operators




























 (vz) : (5)
The relations in (3) and (4) are exact up to twist-4 corrections and neglecting operators
containing total derivatives [9] which are irrelevant for our present purposes.
Note contribution of the local scalar operator in Eq. (3). It gives rise to the nucleon -
term and does not have a partonic interpretation. The remaining contributions give rise to
three-particle parton distributions describing interference between scattering from a coherent
quark-gluon pair and from a single quark. In particular, one can dene





























(; ) and their interpretation in the partonic lan-
guage are identical to properties of the three-particle distribution functions of twist-4 con-
sidered in Ref. [10]. The variables ,  and    have physical meaning of the momentum
fractions carried by the antiquark-, quark- and gluon-partons, respectively. Positive val-
ues stand for emission of the parton, and negative ones to absorption of the corresponding






vanish unless jj < 1, jj < 1, and
j   j < 1. Combining (3), (4) and (6) one can express the twist-3 structure functions
h
L
(x) and e(x) in terms of a certain integral of these quark-antiquark-gluon distribution
[11]. Note that only such integral (over the gluon momentum) is potentially measurable in
inclusive reactions like DIS or Drell-Yan processes.
The Q
2
dependence of the twist-3 distributions is governed by the renormalization group
equation for the corresponding nonlocal operators S;
e
S. It is possible to show that to leading
logarithmic accuracy the evolution of S and
e
S is the same; hence we drop the \tilde" in
what follows.
To simplify the evolution it is convenient to introduce the Mellin transform [7,4]








S(j; );  =
u+ v   2t
u  v
: (7)
Here j is the complex angular momentum; operators with dierent j do not mix with each










































































































































































This kernel is very similar to the corresponding kernel for the evolution of chiral-even twist-3
operators in Ref. [4], the reason being in that the corresponding two-particle quark-gluon
kernels essentially coincide, see [11] for the details.
We are able to nd two exact solutions for the renormalization group equation in (8) in






















One can prove that Eq. (11) has two solutions which are analytic at the points  = 1

+
() = 1; 
 
() =  (12)


































where  (z) =
d
dz
ln  (z) and 
E
is the Euler constant. Validity of Eqs. (13) and (14) can
easily be checked by a straightforward calculation.
The superscript  in fact corresponds to the \parity" under  !  : due to the sym-
metry of the kernel one can look for separate solutions in the space of functions which
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are even (odd) with respect to the substitution  !  . From Eqs.(3) and (4), one sees
that the relevant quantities for e(x) and h
L





S(u; t; u), which correspond to even and odd \-parity" pieces of the
nonlocal operators.
Comparing our solutions with the operator identities in (3) and (4) we observe that
the nonlocal operators in (10) with the particular choices of the weight function (12) are
precisely those which are reduced to twist-3 quark-antiquark scalar and tensor operators.

































































is the genuine twist-3 contribution to h
L
, after subtracting out the twist-2
piece [2]. The evolution equations (15), (16) present the principal result of our paper.
It is instructive to compare our approach with the standard methods in terms of local
operators. In this language, the nonlocal operators should be considered as generating
functions for the series of local operators of arbitrary dimension (xed twist) which are
obtained by the formal Taylor expansion of nonlocal operators at small quark-antiquark















 (k = 2; 3;   ). The substitution  !  
for the nonlocal operators corresponds to k ! n   k + 2 for the local operators. From
the kernel (9), one can calculate the mixing matrix for the local operators even as well as
odd under k ! n   k + 2. One can check that the result for the odd case coincides with
Eqs. (3.14)-(3.16) in Ref. [6] to the stated 1=N
2
c
accuracy. Indeed, it is a straightforward
calculation to check that neglecting the 1=N
2
c
terms in the mixing matrix of [6] we obtain























FIG. 1. Spectrum of anomalous dimensions of twist 3 operators for h
L
(x) in the limit N
c
!1.
The solid line shows the analytic solution (14).
where b
n;k
() (k = 2;    ; [(n+1)=2]) are reduced matrix elements of the independent quark-
antiquark-gluon operators in the notation of [2,6]. This is the consequence of the fact that




















































The coecients (1  2k=(n+ 2)) correspond to 
 
() of (12) in the nonlocal operator lan-




at the tree level. All other operators







The complete spectrum of anomalous dimensions in the N
c
! 1 limit obtained by the
numerical diagonalization of the mixing matrix in [6] is shown in Fig. 1, together with our
analytic solution for the lowest eigenvalue.
To illustrate numerical accuracy of the leading-N
c
approximation, consider the exact
result [6] (including 1=N
2
c
corrections) for the evolution of the n = 5 moment of h
L
, which













































One observes: (i) the lowest anomalous dimension and the coecients in front of the two
terms in this contribution are close to their exact values; (ii) the contribution of the operator
with the higher anomalous dimension is small ( 1=N
2
c
). It is the latter observation which is
crucial for the phenomenological importance of our results, since it means that description
of each moment of the twist-3 distribution requires one single nonperturbative parameter.
We can make this point even stronger, by observing that admixture of operators with
higher anomalous dimensions is suppressed at large n for arbitrary values of N
c
. The full
evolution equation with account of all 1=N
2
c
terms is complicated and will be given elsewhere
[11]. However, it turns out that again it simplies drastically in the limit j ! 1 and





[ln j + 
E





































. Comparing to the large-j limit of the kernel in (9), the only




in the rst term. Thus, the functions in (12)











)[ln j + 
E
  3=4]: (23)
To avoid a singularity in the last term at j = 0 it is better to substitute ln j+
E
!  (j+1)
which is within the accuracy. With this modication of the anomalous dimensions, the




To summarize, we stress that the exact solutions in the present paper provide a powerful
framework both in confronting with experimental data and for the model-building. From
a pure theoretical point of view, they are interesting as providing with an example of the
interacting three-particle system in which one can nd an exact energy (eigenvalue) of the
lowest state. For phenomenology, main lesson is that inclusive measurements of twist-three
distributions are complete (to our accuracy) in the sence that knowlegde of the distribution at
one value of Q
2
0
is enough to predict its value at arbitrary Q
2
, in the spirit of GLAP evolution
equation. This allows to predict the large x and small x behavior, to relate results of dierent
experiments to each other, and to compare with model calculations which typically are given
at a very low scale.
We thank the Institute for Nuclear Theory at the University of Washington for its hos-
pitality and the DOE for partial support during our visit which initiated this study.
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